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A CHARACTERIZATION OF THE CANONICAL
EXTENSION OF BOOLEAN HOMOMORPHISMS
LUCIANO J. GONZA´LEZ
Abstract. This article aims to obtain a characterization of the canon-
ical extension of Boolean homomorphisms through the Stone-Cˇech com-
pactification. Then, we will show that one-to-one homomorphisms and
onto homomorphisms extend to one-to-one homomorphisms and onto
homomorphisms, respectively.
1. Introduction
The concept of canonical extension of Boolean algebras with operators was
introduced and studied by Jo´nsson and Tarski [13, 14]. Then, the notion
of canonical extension was naturally generalized to the setting of distribu-
tive lattices with operators [7]. Later on, the notion of canonical extension
was generalized to the setting of lattices [8, 9, 6], and the more general
setting of partially ordered sets [3]. The theory of completions for ordered
algebraic structures, and in particular the theory of canonical extensions,
is an important and useful tool to obtain complete relational semantics for
several propositional logics such as modal logics, superintuitionistic logics,
fragments of substructural logics, etc., see for instance [1, 5, 10, 16, 3].
The theory of Stone-Cˇech compactifications of discrete spaces and in
particular of discrete semigroup spaces has many applications to several
branches of mathematics, see the book [12] and its references. Here we are
interested in the characterization of the Stone-Cˇech compactification of a
discrete space through of the Stone duality for Boolean algebras.
In this paper, we prove a characterization of the canonical extension of a
Boolean homomorphism between Boolean algebras [13] through the Stone-
Cˇech compactification of discrete spaces and the Stone duality for Boolean
algebras. In other words, we present another way to obtain the canonical
extension of a Boolean homomorphism using topological tools. Then, we
use this characterization to show that one-to-one homomorphisms and onto
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homomorphisms extent to one-to-one homomorphisms and onto homomor-
phisms, respectively.
The paper is organized as follows. In Section 2 we present the categor-
ical dual equivalence between Boolean algebras and Stone spaces, and the
principal results about the canonical extension for Boolean algebras. In Sec-
tion 3 we briefly present the theory of Stone-Cˇech compactifications. Lastly,
Section 4 is the main section of the paper, and there we develop the char-
acterization of the canonical extension of Boolean homomorphisms.
2. Duality theory and canonical extension
We assume that the reader is familiar with the theory of lattices and
Boolean algebras, see for instance [2, 15] . We establish some notations and
results that we will need for what follows. Given a lattice L, we denote
by Fi(L) and Id(L) the collections of all filters and all ideals of L, respec-
tively; and for a Boolean algebra B, we denote by Uf(B) the collection of
all ultrafilters of B.
Let L be a lattice. A completion of L is pair 〈C, e〉 such that C is a
complete lattice and e : L→ C is a lattice embedding. A completion 〈C, e〉
of L is said to be dense if for every c ∈ C,
c =
∨
{
∧
e[F ] : F ∈ Fi(L),
∧
e[F ] ≤ c} and
c =
∧
{
∨
e[I] : I ∈ Id(L), c ≤
∨
e[I]}.
A completion 〈C, e〉 of L is said to be compact when for every F ∈ Fi(L)
and every I ∈ Id(L), if
∧
e[F ] ≤
∨
e[I], then F ∩ I 6= ∅.
Theorem 2.1 ([6]). For every lattice L, there exists a unique, up to iso-
morphism, dense and compact completion 〈C, e〉.
Definition 2.2 ([6]). Let L be a lattice. The unique dense and compact
completion of L is called the canonical extension of L and it is denoted by
Lσ.
The following results were obtained through the theory of topological
representation for distributive lattices and Boolean algebras.
Proposition 2.3 ([7]). Let L be a bounded distributive lattice. Then, the
canonical extension of L is a completely distributive algebraic lattice.
Proposition 2.4 ([13, pp. 908-910]). Let B be a Boolean algebra. Then,
the canonical extension of B is an atomic and complete Boolean algebra.
Now we are going to focus on the framework of Boolean algebras.
Let B1 and B2 be Boolean algebras and let 〈B
σ
1 , ϕ1〉 and 〈B
σ
2 , ϕ2〉 be their
canonical extensions, respectively. Let h : B1 → B2 be an order-preserving
map. The canonical extension of h is the map hσ : Bσ1 → B
σ
2 defined by (see
[13])
(2.1) hσ(u) =
∨{∧
{ϕ2(h(a)) : a ∈ F} : F ∈ Fi(B1),
∧
ϕ1[F ] ≤ u
}
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for every u ∈ Bσ1 . The map h
σ is order-preserving and extends the map h,
that is, for every a ∈ B1, h
σ(ϕ1(a)) = ϕ2(h(a)). The notion of canonical ex-
tension for order-preserving maps was generalized to more general settings,
for instance, for distributive lattices [7, 8, 9], for lattices [6] and for partially
ordered sets [3].
It is well known [2, Chapter 11] that the category BA of Boolean algebras
and Boolean homomorphisms is dually equivalent to the category BS of
Stone spaces (also called Boolean spaces) and continuous maps. Let us
describe the contravariant functors (.)∗ : BA → BS and (.)
∗ : BS → BA.
Let B be a Boolean algebra. Let ϕ : B → P (Uf(B)) be the map define as
follows: for a ∈ B,
(2.2) ϕ(a) = {u ∈ Uf(B) : a ∈ u}.
Then B∗ := 〈Uf(B), τB〉 where τB is the topology on Uf(B) generated by
the base {ϕ(a) : a ∈ B}. If h : B1 → B2 is a Boolean homomorphism, then
the dual h∗ : Uf(B2) → Uf(B1) is defined as h∗ := h
−1. Let X be a Stone
space and let Clop(X) be the collection of all clopen subsets of X. Then
X∗ := 〈Clop(X),∩,∪, c, ∅,X〉. If f : X1 → X2 is a continuous map, then
f∗ : Clop(X2)→ Clop(X1) is defined as f
∗ := f−1.
It was shown in [13] that the canonical extension of a Boolean algebra
B is up to isomorphism 〈P(Uf(B)), ϕ〉, where ϕ is defined by (2.2). From
now on, we will identify the canonical extension Bσ of a Boolean algebra
B with 〈P(Uf(B), ϕ〉. Hence, by (2.1), the canonical extension of an order-
preserving map h : B1 → B2 becomes
(2.3) hσ(A) =
⋃{⋂
{ϕ2(h(a)) : a ∈ F} : F ∈ Fi(B1),
⋂
ϕ1[F ] ⊆ A
}
for every A ∈ P(Uf(B1)).
Now, since P(Uf(B)) is in fact a Boolean algebra, we can consider its dual
Stone space P(Uf(B))∗ and the map ϕ̂ : P(Uf(B))→ P(P(Uf(B))∗) defined
as follows
ϕ̂(A) = {∇ ∈ P(Uf(B))∗ : A ∈ ∇}.
3. The Stone-Cˇech compactification
Our main references for the concepts and results considered in this section
are [4] and [11]. We assume that the reader is familiar with the theory of
general topology.
Let X and Y be topological spaces. A map f : X → Y is said to be a
homeomorphic embedding if f : X → f [X] is a homeomorphism.
Definition 3.1. Let X be a topological space. A compactification of X
is a pair 〈Y, c〉 such that Y is a compact Hausdorff topological space and
c : X → Y is a homeomorphic embedding where c[X] is dense in Y .
Theorem 3.2. A topological space X has a compactification if and only if
X is a Tychonoff space.
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Figure 1. The universal mapping property of the Stone-
Cˇech compactification.
Compactifications of a space X will be denoted by cX, that is, cX is a
compact Hausdorff space and c : X → cX is a homeomorphic embedding
such that c[X] = cX (where c[X] is the topological closure of the set c[X]
in the space cX).
Let X be a topological space. Let us denote by Com(X) the collection
of all compactifications of X. Let c1X and c2X be two compactifications
of X. We say that c1X and c2X are equivalent if there exists a homeomor-
phism f : c1X → c2X such that f ◦ c1 = c2. It is clear that the relation
of “being equivalent” on Com(X) is an equivalence relation. Let us denote
by Com(X) the set of all equivalence classes. In the sequel we shall identify
equivalent compactifications; any class of equivalent compactifications will
be considered as a single compactification and denoted by cX, where cX is
an arbitrary compactification in this class.
Now we define the binary relation ≤ on Com(X) as follows:
c2X ≤ c1X iff there exists a continuous map f : c1X → c2X
such that f ◦ c1 = c2.
(3.1)
It is straightforward to show that ≤ is a partial order on Com(X).
Theorem 3.3. Let X be a topological space. Every non-empty subfamily C0
of Com(X) has a least upper bound with respect to the order ≤ in Com(X).
Corollary 3.4. For every Tychonoff space X, there exists in Com(X) the
greatest element with respect to ≤.
Definition 3.5. Let X be a Tychonoff space. The greatest element in
Com(X) is called the Stone-Cˇech compactification of X and it is denoted by
βX.
The Stone-Cˇech compactification has the following important universal
mapping property.
Theorem 3.6. Let X be a Tychonoff space. If f : X → Y is a continuous
map into a compact Hausdorff space Y , then there exists a unique continuous
map fβ : βX → Y such that fβ ◦ β = f , see Figure 1.
Now we move to consider the Stone-Cˇech compactification of discrete
spaces. The following result is a useful characterization of the Stone-Cˇech
compacification of a discrete space.
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Uf(B2) β(Uf(B1))
β(Uf(B2))
β1 ◦ h∗
β2 (β1 ◦ h∗)
β
Figure 2.
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β(Uf(B2)) β(Uf(B1))
h∗
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β
∗
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Figure 3.
Proposition 3.7 ([4]). Let X be a discrete topological space. Then, P(X)∗
is (up to equivalent compactification) the Stone-Cˇech compactification of X
where β : X → P(X)∗ is defined by
(3.2) β(x) = {A ∈ P(X) : x ∈ A}.
That is, the Stone-Cˇech compactification of a discrete space X is the dual
Stone space of the Boolean algebra P(X). From now on, we will identify
the Stone-Cˇech compactification βX of a discrete topological space X with
P(X)∗. Thus, βX = P(X)∗.
4. A characterization of the canonical extensions of Boolean
homomorphisms
Let B1 and B2 be Boolean algebras and let h : B1 → B2 be a Boolean
homomorphism. Then, by the duality between BA and BS, we have the
dual h∗ : (B2)∗ → (B1)∗ of h. Recall that (Bi)∗ = Uf(Bi) for i = 1, 2.
For every i = 1, 2, consider the Stone-Cˇech compactification β (Uf(Bi)) of
the discrete space Uf(Bi). For i = 1, 2, we write βi : Uf(Bi) → β(Uf(Bi))
for the corresponding homeomorphic embeddings. Now we consider the
composition β1 ◦ h∗ : Uf(B2) → β(Uf(B1)). The map β1 ◦ h∗ is trivially
continuous. Then, by Theorem 3.6, there exists a unique continuous map
(β1 ◦ h∗)
β : β(Uf(B2)) → β(Uf(B1)) such that (β1 ◦ h∗)
β ◦ β2 = β1 ◦ h∗, see
Figure 2. We denote hβ∗ := (β1 ◦ h∗)
β. Thus
(4.1) hβ
∗
◦ β2 = β1 ◦ h∗
and hence we obtain the commutative diagram in Figure 3.
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B1 Uf(B1) β(Uf(B1)) P(Uf(B1))
B2 Uf(B2) β(Uf(B2)) P(Uf(B2))
(.)∗ β1 (.)
∗
h h∗ h
β
∗
(hβ∗ )
∗
(.)∗
β2
(.)∗
Figure 4. Summary of the constructions made through of
the Stone duality and the Stone-Cˇech compactification.
Now recall that β(Uf(Bi)) = P(Uf(Bi))∗ for i = 1, 2, and thus we have
(4.2) hβ
∗
: P(Uf(B2))∗ → P(Uf(B1))∗.
Moreover, recall that ϕ̂i : P(Uf(Bi)) → P (β(Uf(Bi))) is given by ϕ̂i(A) =
{∇ ∈ β(Uf(Bi)) : A ∈ ∇}, for i = 1, 2. Then, we can consider the Boolean
dual of hβ∗ :
(4.3) (hβ
∗
)∗ : P(Uf(B1))→ P(Uf(B2))
where
(4.4) (hβ
∗
)∗(A) = B if and only if ϕ̂2(B) = (h
β
∗
)−1 (ϕ̂1(A)) .
We summarize in the diagram of Figure 4 the previous constructions.
Remark 4.1. Let A ∈ P(Uf(B1)) and ∆ ∈ β(Uf(B2)). Then,
∆ ∈ (hβ
∗
)−1 (ϕ̂1(A)) ⇐⇒ h
β
∗
(∆) ∈ ϕ̂1(A) ⇐⇒ A ∈ h
β
∗
(∆).
Recall that Bσi = P(Uf(Bi)) for i = 1, 2 and the canonical extension
hσ : P(Uf(B1))→ P(Uf(B2)) of h is defined by (2.3).
Now, we are ready to establish and prove the main result of this paper.
Theorem 4.2. Let h : B1 → B2 be a Boolean homomorphism between
Boolean algebras. Then hσ = (hβ∗ )
∗.
Proof. Let A ∈ Bσ1 = P(Uf(B1)). Let B ∈ B
σ
2 = P(Uf(B2)) be such that
(4.5) (hβ
∗
)∗(A) = B ⇐⇒ ϕ̂2(B) = (h
β
∗
)−1 (ϕ̂1(A)) .
Let v ∈ Uf(B2). From (4.1), Remark 4.1 and by (4.5), we obtain the
following equivalences:
(4.6) h∗(v) ∈ A ⇐⇒ A ∈ β1(h∗(v)) = (β1 ◦ h∗)(v) ⇐⇒ A ∈ h
β
∗
(β2(v))
⇐⇒ β2(v) ∈ (h
β
∗
)−1 (ϕ̂1(A)) ⇐⇒ β2(v) ∈ ϕ̂2(B)
⇐⇒ v ∈ B ⇐⇒ v ∈ (hβ
∗
)∗(A).
Now, we assume that v ∈ hσ(A). Then, by (2.3), there is F ∈ Fi(B1) such
that
⋂
ϕ1[F ] ⊆ A and v ∈
⋂
{ϕ2(h(a)) : a ∈ F}. Thus v ∈ ϕ2(h(a)) for all
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a ∈ F , and this implies that F ⊆ h−1[v]. As h is a Boolean homomorphism,
we have that h∗(v) = h
−1[v] ∈ Uf(B1). Then, since
⋂
ϕ1[F ] ⊆ A, it follows
that h∗(v) ∈ A. Thus, by (4.6), we obtain v ∈ (h
β
∗ )
∗(A). Hence, we have
proved that hσ(A) ⊆ (hβ∗ )
∗(A).
In order to prove the inverse inclusion, assume that v ∈ (hβ∗ )
∗(A). By
(4.6), we have h∗(v) ∈ A. Let F := h∗(v) = h
−1[v] ∈ Uf(B1) and so, in
particular, F ∈ Fi(B1). Since F is maximal, it follows that
⋂
ϕ1[F ] = {F}.
Then
⋂
ϕ1[F ] ⊆ A. Let a ∈ F = h
−1[v]. Thus v ∈ ϕ2(h(a)). Hence
v ∈
⋂
{ϕ2(h(a)) : a ∈ F}. Then, we have proved that there exists F ∈
Fi(B1) such that
⋂
ϕ1[F ] ⊆ A and v ∈
⋂
{ϕ2(h(a)) : a ∈ A. Hence, by
(2.3), we have v ∈ hσ(A). We thus obtain (hβ∗ )
∗(A) ⊆ hσ(A). Therefore,
(hβ∗ )
∗(A) = hσ(A). 
Let X and Y be discrete topological spaces and let f : X → Y be a func-
tion. Then, by Theorem 3.6, there exists a continuous function fβ : βX →
βY such that the following diagram
X Y
βX βY
f
βX βY
fβ
Figure 5. A function between discrete spaces and their cor-
responding Stone-Cˇech-compactifications
commutes. Recall (Proposition 3.7) that βX = P(X)∗ = Uf (P(X)).
Lemma 4.3 ([12]). In the above hypotheses, we have:
(1) fβ(∇) = {B ⊆ Y : f−1[B] ∈ ∇}, for all ∇ ∈ βX.
(2) If ∇ ∈ βX and A ∈ ∇, then f [A] ∈ fβ(∇).
Proposition 4.4. Let X and Y be discrete topological spaces and let f : X →
Y be a function.
(1) If f is a one-to-one function, then fβ is a one-to-one function.
(2) If f is onto, then β is onto.
(3) If f is a one-to-one correspondence, then fβ is an homeomorphism.
Proof. (1) Assume that f is a one-to-one function. Let ∇1,∇2 ∈ βX be such
that fβ(∇1) = f
β(∇2). Let A ∈ ∇1. By Lemma 4.3, we have f [A] ∈ f
β(∇1).
Thus f [A] ∈ fβ(∇2). Then, by Lemma 4.3 again and since f is a one-to-
one function, it follows that A = f−1 [f [A]] ∈ ∇2. We have proved that
∇1 ⊆ ∇2. Hence, since∇1 is an ultrafilter of P(X), we obtain that ∇1 = ∇2.
Therefore, f is one-to-one.
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(2) Assume that f is onto. Let ∆ ∈ βY . Now let
F := {A ⊆ X : f−1[B] ⊆ A for some B ∈ ∆}.
It follows straightforward that F is a filter of the Boolean algebra P(X).
Since ∆ is an ultrafilter of the Boolean algebra P(Y ) and f is an onto
function, it follows that F is a proper filter of P(X). Let ∇ be an ultrafilter
of P(X) such that F ⊆ ∇. Since f is onto, it follows that the set {f [A] :
A ∈ ∇} is a proper filter of P(Y ) and ∆ ⊆ {f [A] : A ∈ ∇}. Hence, because
∆ is an ultrafilter of P(Y ), we obtain that ∆ = {f [A] : A ∈ ∇}. Now we are
ready to show that fβ(∇) = ∆. Let B ∈ fβ(∇). By Lemma 4.3, we have
f−1[B] ∈ ∇. So f [f−1[B]] ∈ ∆. Since f is onto, it follows that B ∈ ∆. Now,
let B ∈ ∆. Thus B = f [A] for some A ∈ ∇. As A ⊆ f−1 [f [A]] = f−1[B],
we have f−1[B] ∈ ∇. Then, by Lemma 4.3, we obtain B ∈ fβ(∇). Hence,
fβ(∇) = ∆. Therefore, fβ is onto.
(3) Lastly, assume that f is a one-to-one correspondence. By (1) and (2),
we have that fβ is a one-to-one correspondence. Moreover, we know that
fβ is a continuous map. Then, since the spaces βX and βY are Hausdorff
and compact, we obtain that fβ is a homeomorphism. 
Now from the previous proposition, Theorem 4.2 and using the diagram
in Figure 4, it follows the following corollary.
Corollary 4.5. Let B1 and B2 be Boolean algebras and let h : B1 → B2 be
a homomorphism.
(1) If h is a one-to-one homomorphism, then hσ is a one-to-one homomor-
phism.
(2) If h is an onto homomorphism, then hσ is an onto homomorphism.
(3) If h is an isomorphism, then hσ is an isomorphism.
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